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Abstrad- Wave propagation in a material containing distributed penny-shaped cracks was inves­
tigated. An improved approach was developed for calculating the phase velocity and the attenuation
of ultrasonic waves. In this approach. the effects of neighboring cracks on a reference crack are
approllimated by the elf\.'Cts of triads of double fon;es of strengths proportional to the crack
opening volumes. and located at the geometrical centers of the cracks. The averaged crack opening
displacements and crack opening volumes of the reference crack are split into two terms. The first
term corresponds to the quantities induced by the intemction of the single referen\.'C crack with an
incident wave. while the S\.'Cond term represents the intemction between this referen\.'C crack and
neighboring cracks. The averaged crack opening displacements are used in calculating the forwllrd
scattering amplitude. from which the phllse velocity and the coelficient of allenuation lire suh­
sequently computed. The present anlllysis was limited to pllraltel cr,u:ks ,lnd to low fr\."quencies. but
the principle can be used fllr more general C'lst.'S. Since cmck interactions hllve been tilken into
a\.'Count. thc mmlysis provid\.'1' a better approllinmtion than the stilndilrd lIpproach proposcU by
Fllidy (ll)45. Phys. R{'1'.67. \O7-11')}. \.'Sf'\.'Cially fllr interm{:di;lte ,lnd lart.'C emek densities.

1. INTRODUCTION

Analytical considerations combined with experiment,11 observations of the velocity and the
attenuation of ultrasonic w,lves in a damaged material. provide .t means of ch,tracterizing
the dUl11(lged state of the material. Often. ,I decrease in the velocity or an increase in the
,Ittenuation of ultrasonic waves is ,Ill indication of stilfness degmdation and/or loss of
strength of the material. In this paper. an advanced analysis of both the effective wave
velocity and the ;Ittenuation cocllicient is presented. for a material whose damaged state is
caused by a distribution of penny-shaped cracks.

Wave propagation in a m;lteri;rl containing distributed ddi.'Cts (such as cracks. voids
or inclusions) often involves multiple scattering. (n the independent scatterer approxi­
mation. the interaction between individual scatterers is ignored. This approximation is a<..'Cept­
able for a dilute distribution or for we;lk scatterers; it may not be good enough for a dense
distribution or for strong scatterers. A heuristic approximation for multiple scallering was
proposed by Foldy (1945). who obtained a closed form expression for the wavenumber
of the coherent wave (Foldy's equation). An improved approuch. the quasicrystalline
approximation. which involves two-particle correlations wus developd by Lax (1952). For
re,lsons of simplicity. the independent scatterer approxim,ltion and L;lx's qu,lsicrystalline
approximation have been gcnerally used. see Waterman and Truell (1961). Twersky (1962).
Bose and Mal (1974). Dall,l (1977). Vamdan el al. (1978). D;ltt;1 el al. (1980). Sayers and
Smith (1983). Gubern<ltis and Domany (1984) .tnd Varad;tn el al. (1985). For sphericul
voids. special forms of two-particle corrclations which give a better approxim'ltion for high
densities of voids have been used by V;rrad;rn el al. (1985). However. for scallerers that arc
of a complicated geometry. such ;rs penny-shaped cracks. ellipsoidal voids or inclusions,
such correlation functions do not yet cxist.

(n this p;lper, a novel method is presented which is based on the approach dcvcloped
by Sotiropoulos and Achenbach (1988) to account for the interaction effccts between cracks,
For simplicity. the cracks ,tre ussumed to be of the same size ,tnd to be oriented parallel to
each other. The effects of neighboring cracks on an arbitrarily selected crack (reference
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crack) are represented by systems of dipoles at the geometrical centers of the neighboring
cracks. The crack-opening displacements of the reference crack then split into two parts:
the first part is due to the incident wave in the absence of other cracks. while the second
part is induced by the presence of all other cracks. By taking configurational averages of
all quantities. the average forward scattering amplitude is calculated by substituting the
average crack-opening displacements into the far-field expressions of the scattered dis­
placements. Subsequent substitution of the average forward scattering amplitude into
Foldy's dispersion equation leads to an expression for the effective complex wavenumber.
The first two terms of this expression correspond to the standard form of Foldy's approxi­
mation. while the third term is an additional term which accounts for crack interaction
effects. The effective wave velocity and the coefficient of attenuation are then calculated
from the imaginary part and the real part of the complex wave number. respectively. Numer­
ical calculations show that for very small crack densities the results from the standard and the
modified approach agree. while for larger crack densities substantial deviations can occur.

The present paper is limited to low-frequency (long wavelength) scattering of time­
harmonic. plane longitudinal waves (L-waves). The principle used can. however. be
extended to moderate or high frequencies.

[n Section 2. the scattering of a plane L-wave by a single penny-shaped crack is
reviewed. Results in the low-frequency range for the crack-opening displacements and the
forward scattering amplitude are summarized. A perturbation technique is applied to
obtain closed form solutions. The method used by Sotiropoulos and Achenbach (1988) for
calculating the multiple scattering elrect for a distribution of coplanar cracks. is extended
in Section 3 to a 3-D distribution of penny-shaped cracks. [n subsequent sections the
standurd Foldy's equation and the improved one, are presented and numerical results are
given.

It is assumed in this analysis that the size of the cracks ..Ind the c1ll.1racteristk wave­
lengths 'Ire much larger than the characteristic dimensions of the microstructure of the
material. so that wave scattering by microstructures can be ignored.

Previous studies of wave propagation in a randomly cracked m'lterhll can be found in
the papers by Garbin and Knopofr (1973. 1975a.b). and McCarthy and Clrroll (19S4).
who calculated the clastic moduli of a cracked medium; and by O'Connell and Rudiansky
(1974) who calculated the wave velocity by using a self-consistent static approach. Wave
attenuation in ..I cracked m.tterial has been investigated by Piau (1979) ..tnd by Chatterjee
el til. (1980). The effects of anisotropy on the effective clastic moduli and attenuation have
been investigated by Anderson el til. (1974) and Piau (1980).

2. SCAlTERING BY A PENNY-SIIAI'ED CRACK

We consider a penny-shaped crack in an infinite, homogeneous. isotropic and linearly
elustic solid, us shown in Fig. I. An incident time harmonic, plane longitudinal wave of the
form

Fig. I. Penny-shaped crack.
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interacts with the crack and generates scattered waves. The amplitude of the incident wave
is unity. and its propagation direction is taken in the ."IX) plane. Also. 9 is the angle of
incidence and kL is the wave number of the incident wave. We assume that the faces of the
crack will not touch. The boundary conditions on the faces of the crack then are

O'~n~(x)+ 0''3" (x) = o. x E A ±, (2)

where O'J~ represents the stress components due to the incident wave in the absence of the
crack. O'~" denotes the stress components of the scattered wave induced by the interaction
of the incident wave with the crack, and A ± are the insonified and shadow sides of the
crack.

The scattered displacement field can be expressed by the following representation
integral

1Ik"(X) = f O'~.(x;Y)&lIi(y)njdS(y), x~A+.
,j'

(3)

in which x denotes the position vector of the observation point; y denotes the position
vector of the source point;", is the unit normal vector of A + ; and &11, arc the cmck-opening
displ<lcements (displacement jumps .Icross the cmck faces) defined by

(4)

<lnd (1~:. is the stress Green's function of the uncmcked medium. The function O'~;. denotes
the stress components ut position x due to u time-h.lrmonic. unit point force upplied at
position y in the direction Y•.

ny substituting (3) into Hookc's luw

(5)

und by using the boundury conditions (2), the following system of bound<lry integral
equations c<ln be obtained

(6)

Here C".,., is the elastic tensor which for un isotropic muteriul is given by

(7)

where ;.. JI arc Lame's clustic constants and JfHI is the Kronecker dcltu. Closed form solutions
to eqn (6) cannot be obtained and. in general. a suitable numerical method must be
employed. Among many studics of this problem we mention the works by Martin and
Wickham (1983). Lin and Keer (1987). Budreck and Achenbach (1988). and Nishimura
and Kobayashi (1989). Earlier studies of elastic wave scattering by a penny-shaped crack
have been presented by Robertson (1967). Mal (1970), Garbin and Knopoff (1973) and
Krenk and Schmidt (1982). who used integral transform and dual integral equations
techniques.

In this paper we restrict our analysis to the low-frequency range where approximate
solutions to eqn (6) can be obtained. This can be done, for example, by the perturbation
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technique proposed by Roy (1987). who investigated the elastic wave scattering by an
elliptic crack. In this procedure. the known and unknown quantities ofeqn (6) are expanded
into a power series of ikr as

(8)

(9)

(10)

where kT is the wavenumber of transverse waves: and qll~·. qj;k' and Au)"') are expansion
coefficients. Substituting (8)-( 10) into (6) and collecting terms of the same order in kT •

yields a system of integral equations which can be solved analytically. Without going into
details we summarize in the following. the final results for the crack-opening displacements.
A detailed analysis has been given by Roy (1987).

In thc low-frequcncy range. the crack-opening displaccmcnts have the form

.1 (ikr )'"
AII,(x) = L ..._, AII:"')(x) +O(kTa)~

",,..,. tI 111.
(II )

where a is the radius of the crack. and

Here

( 16)

and expressions for the coefficients a)"'I. hj"" ....• .q:"" in terms of the functions qfl~·. can be
found in Appendix 3 of Roy (1987). According to Roy (1987) and Mal (1972) this approxi­
mation is valid for at least kru < 0.6. Figure 2 shows a comparison of VJ/a~lIo with
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Fig. 2. Crack·opening volume as a function of kTa.
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numerically exact results which were obtained by a boundary element solution of eqn (6)
for normal incidence of a longitudinal wave of amplitude Uo' Here V) is the crack-opening
volume. i.e. the integral of l1uJ(x) over the area of the crack, see eqn (37). It is noted that
a very adequate appro1timate solution is obtained for values of kTa up to kTa = I.

A representation formula for the scattered far-field (Ixl» Iyl) can be obtained by
simplifying eqn (3) with the approximation

Ix-yl = Ixl-x'Y,

where xis the unit vector along x. Introducing a spherical coordinate system

Xl = R sin () cos t/J. X2 = R sin (J cos t/J. X) = R cos (J,

and substituting (17) into (3), the following results are obtained

where

{
k t , fori = R

k, =
kT , for I = 0, c/J ;

F,,(O. if» = i~l {sin 20 l,(kr sin 0) -cos 20 I.. (kl' sin O)},

ikl'. .
F.;(O, ef» = 2 cos {} Is(kr SIO 0),

I 12ft 1"I:().) =., I1l1l(r,c/J)exp(-;).rcosxJrdrdc/J.
_1t 0 0

I 12"1"Ic ()') = ~- [1111,(r, c/J) cos X+ 1111... (r, c/J) sin x.l exp ( - o.r cos xJr dr dc/J,
_1t II 0

I 12ft i"1,0.) = " [AII,(r, t/J) sin X- AII... (r, t/J) cos xl cxp ( - ii.r cos x)r dr dc/J.
_1t 0 II

x =O-c/J.

(17)

(18)

(19)

(20)

(21 )

(22)

(23)

(24)

(25)

(26)

(27)

In eqns (25) and (26), All, and flll... are the crack-opening displacements in the polar
coordinate system. In the case of L-wave incidence, only the forward scattered L-wave
amplitude FR is important for the determination of the effective wave velocity (phase­
velocity) and the attenuation. Thus in the following. only Fif. is calculated explicitly. This
can easily be done by substituting the crack-opening displacements, eqns (II )-( 16), into
eqns (21). (24) and (25). The final result for t/J = 0 is
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(28)

The coefficients (l~ (i = O. I. .... 5; (X = 1.2) are listed in Appendix B.

J. INTERACTION OF DISTRIBUTED PARALLEL PENNY·SHAPED CRACKS

Parallel penny-shaped cracks of the same radius (l are considered. and it is assumed
that the cracks are randomly distributed. When the cracks are sufficiently closely spaced.
wave propag4ltion in such a solid involves multiple scattering. In this section we extend the
techniquc of Sotiropoulos .lnd Achenbach (1988) for multiple scattering of elastic \vaves
by an array of collinear cracks. to wave scattering by a volumetric distribution of penny­
shaped cracks. Special "1tlention is devoted to the determination of the average crack­
opening displacements of a rclcrence cr..1ck because these quantities playa fundamcnt4l1
role in estimating the scattered rar-Iield.

Ir the total number of cracks in .1 bounded region is N. then the sC4l11ercd displacement
liekl can he represented by [sec <llso eqn (3»)

1Ik"(X) = t i. 11:;4 (x; y)dllf(y)fI , dS(y). x etA; .
p. I "" p. I

(0)

where A,; denotes the insonilicd <lrc<I 4I1ll1 dllf represents the crack-opening displ<lcements
of the pth cr<lck. The corresponding representation integral for the sc4lttered stress com·
ponents is obtained by substituting eqn (30) into Hooke's law. This results in

(31 )

We could follow the same procedure as discussed in the last scction to obt4lin a system of
3N integml equations. by letting x -+ A,; and by considering the stress-free bound4lry
conditions on the pth crack. However. for l'lrge N this method becomes impractic4l1 for the
determination of the crack-opening displacements because of the enormous computational
emJrl. Here we will usc the method proposed by Sotiropoulos and Achenbach (1988) to
obtain 4In approxim"1tc solution for thc crack-opening displacements.

The basic ide"1 of this approximation is to split duf into two parts

N

llllf(y) = dtl,'''(y) + L dllfq(y).
q. I
q"'p

(32)

in which the first part denotes the crack-opening displacement caused by the incident
wave in the absence of all other cracks. and the second part represents the crack-opening
displacement due to the presence of'111 other cracks. (n particular. the term dl/,'" represents
the influence of the qth crack on the crack-opening displacements of the pth crack. Sub­
stituting eqn (32) into eqn (31) and applying the boundary conditions on the pth crack.
yields the following separate equations
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(, fC .Ilkl~ l1~k(X; y)611,"'(y)nJ dS(y)
(XI ~;

757

(33)

The integral equations involved in (33) can be solved for low frequencies by the use of the
perturbation technique as discussed in the last section, and the solution for 6u;0 is given
by eqns (11)-( 16). On the other hand. eqn (34) cannot be solved alone since both 61f,q and
6/f, are unknown quantities. However. if we apply the same procedure for the remaining
(N - I) cracks. we obtain additional equations governing 6~, 6ur (q '" p. q = \, 2.... , N)
which in principle. can be solved. Unfortunately, this procedure becomes extremely cum­
bersome for a large number of cracks. Here, we will not use this method. Instead. we try
to solve eqn (34) in an approximate, but simple manner.

For convenience. we write eqn (34) in the form

where

Cltkl/- r 11~;k(x;y)6Ui'(Y)II,dS(y)= -aJI(x). xeA;,
VXI ].4:

II i ('a,,(x) = C'tkl" l1,ik(x;y)6/1HY)1l,dS(y)
(lXI,":

~ C,ltAi i)iJ. 11~;k (x; ylq)1l I r 6u1(y) dS(y).
'\:1 ),':

(35)

(36)

in which y(</I denotes the position vector of the center of the q-th crack. The tractions -all

can be interpreted as the tractions on the surface of the pth crack, induced by a system of
continuously distributed dipoles over the area defined by the surface of the qth crack. Next.
by the second ofeqns (36), the continuously distributed dipoles of the qth crack are replaced
by an upproximation to their resultunts at the geometrical center of the qth crack. by taking
the stress Green's function outside the integral. This approximation is expected to be
rt.:usonublc if the cracks are not too closely spuced. The crack-opening volumes

vr = L: 6/1r(y) dS(y), (37)

in eqn (36) ure unknown a priori and they have to be determined.
The integral equutions involved in (35) describe the interaction of a system of dipoles

with the pth crack. The crack-opening displacements 6~ arc induced by the surface
tractions on the qth crack, -a,ll' which have the same amplitude but opposite sign as the
stresses on Al, produced by a system of dipoles in the absence of the pth crack. To handle
cqn (35). it is convenient to rewrite aJq in the form

(38)

where Vy are the crack-opening volumes of the qth crack defined by eqn (37), and 11~, are
given by
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(39)

(40)

The decomposition in eqn (38) allows us to use the superposition principle to obtain the
solution for dllr. If x:;''' are the crack-opening displacements of the pth crack caused by the
tractions - aj, (t.1I = I. 2. 3). that is to say if ocf.:l are solutions of the integral equations

(41)

then the solution to dllr" can be written as

(42)

where q indicates the ({th crack and no summation over repeated If is taken. In general. the
tractions a';,(x) induced by dipoles on the pth crack arc not uniform. To m,lke our analysis
as simple as possible. we replace cr'.;,(x) by uniformly distributed tractions on A,.t with
magnitudes equal to the values of a''., (x) at the geometrical center. X

IP1
• of the pth crack

(43)

With this approximation. the boundary integral equations of (43) have been solved for low
frequencies by the perturl.,.,tion tt.-chnique outlined in the last section. The solutions for
7::," have the same forms. eqns (II) .(16). as for the case of incident waves. The coellicients
occurring in (11)-( (6) arc different. but they arc not given here for the sake ofbreviLy.

In summary. the crack-opening displacements dllf of eqn (32) can be approximated
by

N

A P '" A pO + " ""p" .'"ulI, - alt; l... '..A.JU t' u.,,-I
~, "'p

(44)

where V~ still remains unknown. Integration of eqn (44) over A; yields. however. the
corresponding approximations for the crack-opening volume

in which

.V

Vf ~ Vfo + L /J);: V~.
tf.>1

" 'I'

(45)

(46)

arc the crack-opening volumes of the pth crack. due to the tractions a'j, produced by dipoles.
It is still too complicated to find dllj for all cracks. A natural way instead is to determine

the average crack-opening displacements (dll,>. as well as certain associated quantities. In
the usual manner the average of a random function l(x,. X! ••••• xm ). which is dependent
on m random variables Xi (i = 1.2•...• m). is defined as
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where p(x,.xz, ... ,x'") is the probability density function satisfying the normalization
condition

The average of ~Ilf can then be written from eqn (44) as

N

(~llr> = ~llro + L (rtf: V~).
qwl
q-p

(48)

(49)

In what follows. we assume that all cracks are identical (with radius a) and parallel.
We further assume that the cracks are randomly distributed so that all positions of the
cracks are equally probable. Under these assumptions, we can approximate a.f: and V~ as
two independent variables. so that

(50)

In addition. since .111 cracks arc identical and parallel. the following equality can be used

<V~) = (V~).

Thus. e'ln (49) c.ln be rec.lst into the form

(51 )

(52)

where" is the number of cracks per unit volume, and the superscripts p and pq have been
omittted for simplicity.

Integration of (52) over A; results in

(53)

in which

(54)

Equation (53) can be rewritten as

(55)

Here All; , denotes the inverse matrix of A," which is given by

(56)

Clearly, eqn (53) can also be established by averaging eqn (45) and by using similar
approximations to (50) and (51). Substitution of eqn (55) into (52) yields the following
expression for the average crack-opening displacements:
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(57)

We mention again that the average crack~opening displacements of an arbitrarily
selected crack can be split approximately into two parts. as given by eqn (57). The first part
represents the crack-opening displacements of the reference crack caused by the incident
wave in the absence of all other cracks. while the second part describes the interaction
effects of the cracks on the crack-opening displacements of this reference crack. It follows
that the average forward scattering amplitude for incidence of an L-wave on this crack can
also be split into two terms

(58)

where F~ is given by eqn (28) and eqn (29). while (F~> can be obtained by substituting
the second term of eqn (57) into eqns (23). (26) and (:!7). For <p = O. this yields

(59)

where tr'jl. tr'j) ,Ire dcfind by eqn (39), and F:is given by

(60)

The coellkients (i~ (i = O. 1....• 5; oc = I, 2) ,Ire listed in Appendix. C. The quantities V;'.
</J".> and ,1'1' I can be cakulated by substituting AlI,n into (37). (ocll.> into (54). and by
subsequently using eqn (56).

4. EFFECTIVE WAVE VELOCITY AND ATTENUATION

For clastic wave propagation in a cracked solid. the wave velocity is frcqucncy depen­
dent and the amplitude of the wave dec,lys with advancing distance in the propagation
direction. A rigorous theory for the determination of the phase velocity and thc coellicient
of attenuation is not yet available for the general case. In our analysis. the well established
approach of Foldy (1945) and Lax (1952) for elastic wave propagation in solids containing
distributed voids or inclusions. is applied in a further improved form. It is assumed that no
correlations between individual scatterers exist. The effective wavenumber fl. according to
this approach, can then be written as

(61 )

where 1I is the radius of the penny-shaped cracks. k l is the wavenumbcr of the L-wave in
the uncracked medium. (FR([lll» is the average. forward scattered L-wave amplitude. and
r. is the crLlck-density parameter defined by

r. = //1IJ, (62)

in which 11 represents the number of cracks per unit volume. In general. eqn (61) has to be
solved by iteration since (61) is an implicit equation for the determination of [La. As a
rCLlsonablc approximation to eqn (61). the following equation. due to Foldy (1945). is used
in the present analysis
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(fl a)2 = (kl a)2+4m:(FIl (k l a».
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(63)

The simple form of eqn (63) allows us to calculate the complex wavenumber fla without
iteration. The real and imaginary parts of fla are related to the effective wave velocity and
the wave attenuation by

(64)

(65)

where Cl is the L-wave velocity in the uncracked medium. Cl is the L-wave velocity in the
cracked medium. and ex is the coefficient of attenuation.

In the standard approximation. (FR ) is replacd by n/a where F~ is given by eqn (59).
This me.IOS that the cracks do not have any interaction. Here we modify this approximation
by setting

(66)

where (F:) is given by eqn (59) and eqn (60). Substituting eqn (66) into eqn (63) letlds to

(67)

Bectluse interaction effects betweencftlcks tlre included in eqn (67), it is believed thtlt the
modified approximation is better than the sttlndard one. espccitllly for moderate and
larger crack densities. In fact, the third term on the right-hand side of eqn (67) is tl higher
order term in t:

41t1:(F~/tl) _ 1:2, (68)

since F~ is proportional to r. [see eqn (59)]. For small e. this term can be ignored in
comparison with the second term of eqn (67). However. for modemte or large e, the
contribution of this term may be of importance.

S. NUMERICAL RESULTS AND DISCUSSIONS

Numerictll calculations based on eqn (67) have been carried out for a solid permeated
by pamlld penny-shaped cracks. Poisson's ratio of the uncrtlckcd material WtlS chosen as
Ii3. The probability density p is a function of the random v'lriables R, p, 7 which describe
the rc1tttive crack positions. Thus, p(R, p,)') represents the probtlbility density of finding a
crtll.:k with the center defined by the spherical coordinates (R,II. i). see Fig. 3. In this paper

XI

Fig. 3. Relative position of two parallel cracks.
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Fig. 4. The distribution function p,(R).

we consider the case that the crack center distance R and the relative crack position angles
p, yare randomly independent. so that

p(R, (1, y) = p, (R)pz«(1. f)' (69)

In the present paper, p,(R) is selected as a uniform distribution function with Rmin = 2.5a
and Rmax =4.5a (see Fig. 4), Le.

(70)

otherwise,

while "2(fl, y) is taken to be completely random. i.e.

(71 )

With this specification of the probability density function, the <lverage of a qwmtity can be
calculated by using e4n (47).

Figure 5 shows the dependence of the velocity ratio ELlcl on the crack-density par­
"meter l: lor several dimensionless wavenumbers k"Cl. where kl' is the wavenumber of
transverse waves in the uncraeked medium. The case t: =0 corresponds to a medium
without cracks, when cLiCt is unity. The presence of cracks reduces the wave velocity <IS

expected. The encctive wave velocity decreases with incre<lsing cmck density. For fixed
crack density, L\ decreases as kl'lI increases from 0.3 to 0.9. Calculations based on the
stand.trd approximation, that is without the last term in eqn (67), have also been carried
out. It W.1S found thut the standard approach generally underestimates the effective wave
velocity. However, the differences in Ct/Cl from both approaches are so smull thut they
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Fig. S. Phase velocity versus crack density for normal incidence of an L-wave.
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cannot be distinguished graphically. at least in the frequency range considered here. Thus.
only the results of the modified approximation are shown in Fig. 5.

The coefficient of attenuation of L-waves is shown in Fig. 6 versus the crack density
E:. Both results from the standard and the modified approximation are shown. For small
wave numbers. for example kTa = 0.3. the standard approximation underestimates the
attenuation. while for larger wavenumbers it overestimates the attenuation. For the case of
small crack density both results agree very well. while for increasing crack density. the
difference beteen the results for the two approaches becomes larger and larger.

The dependence of the effective wave velocity and the attenuation on the dimensionless
wavenumber is shown in Fig. 7 and Fig. 8. The effective wave velocity decreases with
increasing wavenumber in the frequency range considered. though this change is not sub­
stantial. The coefficient of attenuation increases as kTa increases. The results show aguin
that the standard independent scatterer approximation and the modified one yield the
same results for dilute cruck distribution. while for dense crack distributions the stand'lrd
approuch underestimates the attenuation for low frequencies (say kTa < 0.4) and over­
estimates the attenuation for high frequencies.

Figure 9 shows the variation of the effective wave velocity with the angle of incidence.
for several selected vulues of I;: and kTa. The effective wave velocity is smallest for () =0'
(normal incidence of the L-wave) and largest for 0 = 90' (grazing incidence of the L-wave).
It is interesting to note thut even when the L-wave propagates parallel to the cracks. a
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reduction in the effective wave velocity is ittduced. ht Fig. 10, the attenuation is plotted
versus the angle of incidence of the L-wave. In contrast to the effective wave velocity, the
attenuation has a maximum at e:= 0", and it decreases with increasing (} to a minimum at
(} := 90'. As expected. the cracks cause maximum effects of interfering with wave motion
when the surfaces of the cracks are perpendicular to the direction of wave propagation.

In concluding, we note that a limitation of the theory presented herein is in the range
of validity of the low-frequency scattering theory for a single crack. The results of Fig. 2
suggest that this theory is valid for kTa < 1.0. Hence. for iJlJustrative purposes, the results
are presented in Figs 5-10 for 0 ~ kTa ~ I. The general approach of this paper can.
however. also be used for intermediate and high frequencies. in conjunction with a suitable
numerical technique (BEM. FEM. etc.) for calculating the crack-opening displacements.
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APPENDIX A: THE STRESS GREEN'S FUNCTION

The stress Green's function O'~.(x :y) denotes the stress components at x caused by a point force of unit
amplitude in the k direction. applied at y. For a homogeneous. isotropic. linearly elastic and unbounded solid the
stress Green's function has the following explicit form

..,
G ~ T l I" .l). Gl < GT < G T

0"1> '" j(f(G -G )";.+( -~" V'I i+ V " .,+°1• ."

where

G' '" exp(ik.R)/4ItR. x"" L. T.

R '" Ix-yl.

" '" kl/kr •

and kl • k r arc the wave numbers oflongitudinal and the transverse waves. resp."Ctively.

APPENDIX B: TIlE COEFFICIENTS (l~ OF EQN (29)

The coemcients (l~ ofeqn (29) arc

(l~ -= I.

1/: "" 2" sin 0.

II; .: - ~14hll(") - ,,: sin: ll l.

a: '" 1.1511..(1\)1- 22,,: sin l 01.

(l~ '" id5h..(/\) - 21\: sin: 01,

, 2
iI, ". - 3it h,(I\),

a~'" -I.

, 4,,(3-2,,;:)
al "" 3(61\: -7) •

a; "" ,I. {ltlh' + -~~1(1":-6)h. +(,,;l -1){41\:+3)h,I}.
- 16 45(,,;- -1) .

II: '" '-'~'-"1(9-71\l)h, +2,,:(,,;: -I)b.).
• 45(1-,,') .

a~ '" I -d(4,,;: -3)b. +2(8,,: -15)(,,;l-\)b,l.
- 45(1-1\-) -

, 1613+21\')
"1 ~ i5~(3-2~i)·

in which

2+,,'h "'_....__ ....•.
I 2(3 - 2,,;') ,

4+3,,' •.•
h. '" --_._- -";' Sin- O.

• 8(2"z_ 3)

4+,,'
h.. '" 8(2,,: - 3)'

3( I -1\:): +2":
h.(I\) '" 2(1- ,,;lj

(AI)

(A2)

(A3)

(M)

(lSI)

(112)

(IB)

(B4)

(115)

(1S6)

(87)

(Bll)

(89)

(810)

(811 )

(BI2)

(813)

(814)

(815)

(816)
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32,,' _40,,' + 15" + 8
h,(,,)=- 5(\-,,~)

APPENDIX C: THE COEFFICIENTS ti~ OF EQN (58)

The coefficients ti~ of eqn (581 are:

ti~ = t.

til = o.
Iii = -~1r,,(,,):9.

ti; = ti~ = 1r,,("1,9.
.,

Ii; = - -i- = h,(,,).
.It

ti~ = - t.

ti~ = O.

, I { • 4 • • , " , }
Ii; = - 1('" + '[(7"'-6)"'+("'-I)(~"'+3)" + .(",,·-l)(",,·-I)" J• 16 '~5(,,~ - II' " . - . - •.

"li~ = -----[(1) - 7,,~)".+ .,,,~(,,~ -I I". + !(""~ -I )(8,,~ -9)".1• 45( I -" ~) • - ,. - •

Ij'~ = ·---~.-[HI\"-3)".+2(ll"'-15)(,,~-I)I,.+ \(2,,~-I)(ll,,~-91".I.
· ~5(1-,,')' .

. , 160+2,,'1
t1~ = 151(y.... ~":I'.

whcrc 1r,,(I\').h,(I\I. hi. h, allll h, can he fuund in AI'J'Clllli:\ B. while h. is givcn "y

SAS 2/:6·G
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